enter linearly and homogeneously, found their finite equations, and introduced variables such that each group becomes its own parameter group. The resulting groups (1. c, page 648, bottom, and page 649) are our h and g. From these he derived the above two algebras.
6. Scheffers' determination (pages 654-6) of the algebra of quaternions is based upon the existence of the group of transformations t' Y of § 4. In a rather arbitrary manner he selected four infinitesimal transformations out of an aggregate of the oo 6 infinitesimal automorphs of the quadric surface, and verified that the four generate a four-parameter group. The guide to this seemingly fortunate selection may well have been the previous knowledge of the group defined by the algebra of quaternions. The above discussion in § 4 not only gives a natural derivation of quaternions from the theory of groups but leads to the total group of automorphs of a quadric surface and not merely to its continuous subgroup. where x and y are integers prime to each other and 0 < x < 4p, 0 < y < Vp. Professor Birkhofï has kindly allowed me to use this result, and in the present paper I shall give a proof of the theorem which involves a continued fraction algorithm for a direct determination of each set. Some extensions and applications are also given.
Proof and Algorithm.-We have
Hence we ultimately have Note that I is prime to p since rk is so. We now prove that I < Vp. We have These two conditions may be written
Now /x cannot have more than one integral value, since the above relation would then give
which shows that one of the integers x 0 , y^ is > | Vp. If 2/o > h^V an d xo = 1, then (2) evidently does not hold. Also, if ^o > 1, the right-hand member of (2) increases faster than the left-hand member when xo is increased. Since, then, IJL has no more than one positive integral value, there are not more than two sets (x, y) satisfying the conditions of the theorem. Further, jz, when it exists, is uniquely determined by (la). This completes the proof and algorithm.
The existence of one set (x, y) may also be shown by means of a theorem due to Minkowski.* If where | /i | < Vp and | a i2 | < Vp. We note that ju is not necessarily prime. The existence of at least one set (an, fi) for a composite modulus if may also be shown by the algorism which has just been explained for the derivation of the first set (XQ, y 0 ) in ay = dhx (mod p).
Evidently the reasoning used also holds for the case where p is composite. As before, we may form a set of solutions of (3) by means of these m's in the same way the former solutions were set up. If this second set does not exhaust the remaining roots of (3), the process may be repeated. Ultimately we obtain a set . such that it includes, when taken together with the preceding i sets and the special roots ± 1, all the incongruent roots of (3). We have evidently L2i#i-1) ^p-3.
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